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IDENTITIES ABOUT INFINITE SERIES CONTAINING
HYPERBOLIC FUNCTIONS AND TRIGONOMETRIC
FUNCTIONS

SUNG-GEUN LiMm

ABSTRACT. B. C. Berndt established many identities about infinite
series. In this paper, continuing his work, we find new identities
about infinite series containing hyperbolic functions and trigono-
metric functions.

1. Introduction and preliminaries

B. C. Berndt [2, 3] found a lot of identities about infinite series us-
ing a certain modular transformation formula that originally stems from
the generalized Eisenstein series. It seems that all his findings on infi-
nite series look like those found in the Notebooks of Ramanujan [6]. In
fact, some of Berndt’s results are stated in the Notebooks and others are
generalizations of formulas of Ramanujan. Recently he gave a sugges-
tion that analogous results of his work could be found from the modular
transformation formula in [3]. Following his suggestion, the author de-
rived a lot of new series relation between infinite series [4, 5]. In this
paper, we find more of new series relations between infinite series, some

of which are compared with series relations in [2, 3, 4]. For example, we
find that, for k£ < —1,

Z (—1)™csch((2n 4+ 1)7/2) R Z (—1)"sech(nm)

(2n + 1)2k+2 n2k+2

n=0 n=1
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and, for a, B> 0 with a8 = 72,

a'’?) " sech((a — i) (2n + 1)/(4c))

= (=B)"* ) sech((8 + mi)(2n + 1)/(40)),

n=0

where ¢ is a positive integer(See Corollary 2.9 and Corollary 2.19).

In this paper, we use the following notations. Let e(w) = e*™™.
We choose the branch of the argument for a complex w with —7m <
arg w < m. V1T =V(r) = (ar + b)/(cT + d) always denote a modular
transformation with ¢ > 0 for every complex 7. Let r = (ry,7r2) and
h = (hq, hy) denote real vectors, and the associated vectors R and H are
defined by R = (Ry, Ry) = (ary + cre,bry +dry) and H = (Hy, Hy) =
(dhy — bhy, —chy + ahsy). Let A denote the characteristic function of the
integers. For a real number x, [z] denotes the greatest integer less than
or equal to x and {x} := x — [z]. For real a, z and Re(s) > 1, let

(1.1) Y(z,a,s) = Z

n+a>0

e(nz)
(n+a)s

If = is an integer and « is not an integer, then ¢ (x,«a,s) = ((s,{a}),
where ((s,x) is the Hurwitz zeta-function. The function ¢ (z, a, s) can
be analytically continued to the entire s-plane [1] except for a possible
simple pole at s = 1 when z is an integer. Let H = {7 € C | Im(7) > 0},

the upper half-plane. For 7 € H and an arbitrary complex numbers s
define

e (mhy m+7r1)T +1r2)(n— ha
A(r,s;7r,h) Z Z all (nJr—hZ):S ) ))

m+7r1>0n—hs>0

Let
H(t,s;r,h) == A(T,s;7m,h) + e (s/2) A(T, s; —r, —h).
We now state the theorem which is important for our results.
THEOREM 1.1. [2]. Let Q@ = {r € C | Re(7) > —d/c} and o = c{ Ry} —
d{R,}. Then for T € Q) and all s,

(cr+d)""H(VT,s;7,h)=H(r,s; R, H)

=A(ry)e(—=rihy) (e + d)7°T(s)(—27mi) % (¢¥(ha, 12, 8) + € (5/2) Y(—ha, —T2,5))
+A(R1)e(=RiH1)U(s)(—2mi) ~° (Y(Ha, R, 5) + e (—5/2) (—Hz, —Ra, s))
+(271)~°L(7,s; R, H),
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where
L(r,s; R, H)
= Ze<_Hl(j + 1] — o) = Ha([Fo] + 1+ [(jd + 0) /] — d))
j=1
e—(ct+d)(—{R1})u/c elld+e)/ctu
/ utt du
o e~ (CT+d —e(cHy + dHs) e* — e(—Hy)

where C' is a loop beginning at 400, proceeding in the upper half-plane,
encircling the origin in the positive direction so that w = 0 is the only
zero of

(e7 D —e(cH, + dH5)) (" — e(—Ha))

lying “inside” the loop, and then returning to +oo in the lower half
plane. Here, we choose the branch of u® with 0 < arg u < 27.

Remark 1.2. Theorem 1.1 is true for 7 € (). But, after the evalu-
ation of L(7,s; R, H) for an integer s, it will be valid for all 7 € H by
analytic continuation.

We shall use two polynomials. One is the Bernoulli polynomials
B, (z), n > 0, defined by

n

= Z — (|t| < 2m).

The n-th Bernoulli number B,, n > 0, is defined by B, = B,(0). Put
B, (z) = B,({z}), n > 0. The other is the Euler polynomials E,(z),
n > 0, defined by

n

= Z — ([t <m).
The Euler numbers F,, are defined by

E, :=2"E, G) . n>0.

Put E,(r) = E,({z}), n > 0.
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2. Infinite series identities
From now on, we let V' be a modular transformation corresponding

(1)

for ¢ > 0. Put r = (r1,73/c). Then

to

(]
Ry =ri+ry, Ro=—1r1 —19+ —.
c

Replacing ¢ + 1 — ¢ by z, we have

VTZl—l, 7':1—1—{—12.
c ez c c
If 7 € @, then Re 2z > 0 and 2z € H. By Remark 1.2, we shall put
z = mi/a for a positive real number «. In this section, we consider three
cases of h = (hy, hy), i.e., h = (1/2,1/2), (1/2,0) and (0,1/2). We also
suppose that r; and ry are not integers. In this case, A\(r1) = A(R;) = 0.
By Theorem 1.1, for any integer m and z € H with Re z > 0,

(2.1) z™H(V7,—m;r,h) = H(r,—m; R, H) + (2mi)™ L(r, —m; R, H).
For r; not an integer,

H(V1,sir,h) = e(=[r]h1) Y e(({ri YV +7ro/c)(n — hy))

(n—ho)t=5(1 — e(hy + V7(n — hy)))

n—hs>0
mis e((((A = {rn VT —ra/c)(n + ha))
@2) (O Y o e T s Ve )

and, for R; not an integer,

e(({R1}7 + Re)(n — Ha))

H(r,s; R, H) = e(~[R1]H1) Z (n— Hp)'=5(1 —e(Hy + 7(n — Hy)))

n—Hy>0
i (1~ (Ri})7 — Ro)(n + Ha)
@3) Aol ({fa] + D) n+%;>0 (0t Hy) (1 — e(—H, + 7(n + Hy)))’

THEOREM 2.1. Let o, 8 > 0 with o8 = 2. Let r; and ry be real
numbers such that r; and ry + 1o are not integers. Then, for any integer
k and for any positive even integer c,

Jirilg* Z sinh (((2{r1} — 1)(a — wi) — 2mirs)(2n + 1)/(2¢))
(2n + 1)2k+1 cosh ((a — i) (2n + 1)/(2c¢))

(-1 [71+72] —k Z sinh (((2{r1 + r2} — 1)(8 + i) — 2mirs)(2n 4+ 1)/(2¢))
B (2n + 1)2k+1 cosh ((B + mi)(2n + 1) /(2¢))
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(_1)[T1+T2] ¢

A

2% .
(it Eo((j —{r1 +m2})/c)

_ 1\t +re—{ri+r2})/c] ¢

> (=17 2 a

j=1 B =0

Eap—e((j+ 12 —{r1+12})/c)

(Qk - E)' (—7Ti)€+104k7€

)

and, for any positive odd integer c,

Jirilg—* Z sinh (((2{r1} — 1)(a — wé) — 2mirs)(2n + 1)/ (2¢))
2n + 1)2k+1 cosh ((a — 73)(2n + 1)/(2¢))

_ (= )[T”r”’] -k Z sinh (((2{r1 + 2} — 1)(8 + mi) — 2wirg)n/c)
C 22+l n2k+1 cosh ((B8 + wi)n/c)

T1+T2] 1 2611 Ei((7—{ri1+m})/c
; 5> (= 1+ b
'sz-+1—18((j +ro —{ri+r2})/c) (—mi)Hlah—
(2k+1—20)! '

Proof. Let h = (1/2,1/2) and m = 2k in (2.1). Then we have from
(2.2) that

H(Vr,—2k;r, h)
— (—1)lmlg2kt Z e(({r1}(1 —1/2) +72)(2n — 1)/(2¢))
= 2n—1 Zetl(1+e((1—1/2)(2n—1)/(2¢)))
r1 1 1—{7‘}(1—1/2)—7")(2”_1)/( ))
- R Z on = zk+11 1+ e((l- 1/2)( 2n —1)/(20)))
/

- 1 smh (i 2{r1} —1D(1—-1/2)+2r2)(2n—1)/(2¢))
24) = (pn2r Z 1)2k+1 cosh(wi(1 — 1/2)(2n — 1)/(2¢))

If ¢ is even, then {H;} = 0 and {Hs} = 1/2. Thus, for ¢ even, it follows
from (2.3) that

H(r,—2k; R, H)
B 22k+1 i e ({R1}7+R2)(2n+1) 4 e*ﬂ'z({Rl}T+R2)(2n+1)67r7,‘r(2n+1)
2n + 1)2k+1(1 _ 671'27'(2n+1))

[r1+r2]22k+1 Z sinh(mi((2{r1 + 2} — 1)(z — 1) 4+ 2r2)(2n + 1) /(2¢))
(2n + 1)2k+1 cosh(mi(z — 1)(2n +1)/(2¢))

(25) =(-1

If ¢ is odd, then {H;} = 1/2 and {Hy} = 0. So, for ¢ odd, (2.3) gives

H(r,—2k; R, H)
(=1l i e(({Ri}7 + Ro)n)) — e(=({Ri}7 + Ro)n))e(Tn)

n2+1(1 + e(mn))

n=1
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(26) = (—1)r+r] io: sinh(mi((2{r; + o} —1)(z — 1) + 2r9)n/c)
' — n2k+1 cosh(mi(z — 1)n/c) '
We see that
,zu( —{R1})/c _ liE . {Rl} (—ZU)n
e—7u 4 1 2 e " c nl
4m1mmMu:1§3E jto)u"
et +1 2 o " c n!’
elli(l=c)+o)/ctu _ i B j+o\u"
ev — 1 i " c n!’
and
(1 — ] —{R
{ﬂ (?+Q}=—T—WJ—UM+IJ+MC{ ﬁ}

Then, in case of ¢ even, we have that

L(r, 2/<;RH)

=i (g (tma e [

LS () o

m=0

(] + Q) "
ml

( e yitHlGtra—{ri+ra})/e Eo((j —{r1+r2})/c)
m§: H(GHra—{ +}w1;; L
2.7) 'Ezk 6((1 "‘(;26:27)”'1 +ra})/c) (—2)

and, in case of ¢ odd,

L(r,—2k; R, H)

= ;]Z:e (—;(j + [Ri] —C))

/ —2k— QZE (J {R1} )(—Zzt)"igm(jte)gdu

m=0
el g Z i S Bl = UREAIIG
£=0
2.8) Banootra = {rtra))fo)

2k +1—0)!
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Now, plugging (2.4), (2.5), (2.6), (2.7) and (2.8) into (2.1) and letting
z = mi/a, we prove the theorem. ]

COROLLARY 2.2. Let r1 be a real number with 0 < r; < 1. Then

k Z cosh ((2n + 1)(2r1 — 1)a/2) cos((2n + 1)7ry)
(2n + 1)2k+1 sinh ((2n 4+ 1)a/2)

_g-2-1(_pg)k Z sinh ((2r; — 1)nB) cos(2mnry)

n2k+1 cosh(nf)

n=1

k
1 Baeri(L—rm)Bok—20(1 —711) jpi1, pvest
2Z ik —200 ¢ AT

Proof. Put ¢ = 1, ro = 0 and let 0 < r; < 1 in Theorem 2.1 and
equate the real parts. O

COROLLARY 2.3. Let r; be a real number with 0 < ry < 1. Then

& sinh ((2n 4+ 1)(2r1 — 1) /2) sin((2n + 1))
Z (2n + )2’€+1 sinh ((2n + 1)a/2)

— 921 (_pg)k Z cosh ((2r; — 1)npB) sin(27nry)
n2k+1 cosh(np)
k
T Eae( 1 - 7“1 )Bak+1—20(1 =71) 5y, o
2Z Nk +1—200 (=A)".

Proof. Put ¢ = 1, 19 = 0 and let 0 < r; < 1 in Theorem 2.1 and
equate the imaginary parts. O

THEOREM 2.4. Let o, 3 > 0 with a8 = 7%. Let r; and ro be real
numbers such that ry and ry 4 ry are not integers. Then, for any integer
k and for any positive even integer c,

Jirilg—k=1/2 Z cosh (((2{r1} — 1)(a — i) — 2miry)(2n 4+ 1)/(2¢))
— (2n + 1)2k+2 cosh ((a — i) (2n + 1) /(2¢))

S N
i cosh (((2{r1 + ro} — 1)(B + i) — 2mirs)(2n 4+ 1)/(2¢))

o (2n + 1)2k+2 cosh ((B + mi)(2n + 1) /(2¢))
DI GG (b S Bl {1t ra}) /o)
I Z(_l)]-‘r[(] {ritr2})/c] Z a
7j=1 3 =0
Eopp1—e((G+r2—{ri+r2})/0) o1 k—rt1/2
2k +1-0) (=mi) ™ a ’

and, for any positive odd integer c,

] —k1/2 >, cosh (((2{r1} = V(e = i) — 2mir9)(2n 4+ 1)/(2¢))
(~)Fla™tY HZ:O 2n + 177777 cosh (@ —78)@n + 1/20)
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—1)lritr2] —k_1/2 >, cosh (((2{r; + 2} — 1 B+ mi) — 2mirg)n/c

n=1
—1)lratr2] © _ 12k+2E P L+ 1o }) /e
( )2 ;(_1)g+ 22:% o(( {g! H/e)
Bajya—e((j + 12 = {r1 +12})/c) (—mi) L b tF1/2
k2 0) '

Proof. Let h = (1/2,1/2) and m = 2k + 1 in (2.1). By the same way
as we derived equations (2.4), (2.5), (2.6), (2.7) and (2.8), we obtain the
followings;

” 1
H(VT, —2k —1;r, h) ( )[ ! 22k+22 W

cosh(m((Zn{rl} 1) (1= 1/2) + 2r0) (20 — 1)/(20))

(2.9) cosh(mi(l —1/2)(2n — 1)/(2¢)) 7

for ¢ even,

T T2 1
H(r,~2k— 1R, H) = (~1)l"* b”f”ZW

coshm(@{rh ra} — 1)(z — 1) + 2r2)(2n + 1) /(2¢))

(2.10) cosh(mi(z — 1)(2n + 1)/(2¢)) ’
L(r,—2k — 1; R, H) = 7(71)[;”2] m’é(l)j”(j”““*”})/c]
T Ee((j — {r1 +721)/0) Banae((j + 2 — {r1 +712}) /)
(2.11) ' ; 0k 1= 0) (=2)"
for ¢ odd,
(2.12) H(r,—2k—1;R,H)
>, cosh(mi((2{r; +ro} —1)(z — 1 2ry)n/c
:(_1)[r1+m]; ( ((n2{k+2tosi(ﬂi(i(— 1)n)/:) ) /),
L(r. 2k B, H) = (<1)+rel+ mZ §'3 Bl {ri+ra})/)
=0
sz 2— e(( + 719 — {r1 +r2})/c)

(2.13) = 2k +2—0)! (=2)"

Now let z = 7/, put (2.9), (2.10), (2.11), (2.12) and (2.13) into (2.1),
and obtain the desired results. O
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COROLLARY 2.5. Let r; be a real number with 0 < ry < 1. Then

k172 i sinh ((2n 4+ 1)(2r; — 1)a/2) cos((2n + 1)7ry)
(2n + 1)2%+2 sinh ((2n + 1)a/2)

n=0

_ 1Yk tlo—2k—2p—k—1/2 = sinh ((2r1 — 1)nB) sin(2mnr:)
= (D72 b Z n?k+2 cosh(nf)

n=1

Eopya(1 - 7’1 VEatr1-2e1 =11) ier120 grenn
*3 Z 201 D)2k + 1 20) (=8

Proof. Put ¢ = 1, r9 = 0 and let 0 < r; < 1 in Theorem 2.4 and
equate the real parts. O
COROLLARY 2.6. Let r; be a real number with 0 < vy < 1. Then

-y i cosh ((2n 4+ 1)(2r; — 1)a/2) sin((2n + 1)7ry)
(2n + 1)25+2 ginh ((2n + 1)a/2)

n=0

_ 1Yk +lo—2k—2 p—k—1/2 = cosh ((2r1 — 1)np) cos(2mnr:)
= ()T g Z n2k+2 cosh(nf)

n=1
k
T~ Eae( 1 —7‘1 VEoiva-20(1 =71) hor1y20 gy
+2;% N2k +2 — 20)] (=A)"

Proof. Put ¢ = 1, r = 0 and let 0 < r; < 1 in Theorem 2.4 and
equate the imaginary parts. O]

COROLLARY 2.7. For any positive even integer c,

o—k-1/2 Z sech ((a — mi)(2n + 1)/(2¢))

(2n + 1)2k+2

_ (=) Z SeCh((5(;n7fj'_)(12)72b£21)/(26))

n=0
1& B —1/2)/¢)Bagy1o((G — 1/2) /¢ , -
R

and, for any positive odd integer c,

k- 1/QZsech a—mi)(2n+1)/(2¢))

(2n + 1)+
ok 2( —k—1/2 sech ((8 + mi)n/c)
=2 Y Z k2
_'_1 Z(_l)j 2§+:2 Ee((] —1/2)/c)Eapya_e((j —1/2)/c) (i)t ahtH1/2
3 2 2 02k +2 - 0)! '

Proof. Put r; = 1/2 and ry = 0 in Theorem 2.4. O
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COROLLARY 2.8.
(o]

wkuz 3o (CU k(20 + Da/2)

(2n + 1)2k+2

n=0

ok k12 = (—1)"sech(np)
:(_1)k+12 2k 25 k 1/22()n+ei2(n

e R
Z E% 1/2 Eapio-20(1/2) aF-tH1/2( gyt
2k + 2 — 20)! '

Proof. Put ¢ = 11in Corollary 2.7 and apply Ea,11 (%) =0,n>0. O
COROLLARY 2.9. For k < —1,

2. (—1)"csch((2n + 1)71'/2) p)+1g-2k-2 )™ sech(nm)
Z:O (2n + 1)2k+2 2" Z n2k+2
Proof. Put ¢ =1, « = = m in Corollary 2.7 and let k < —1 . O
COROLLARY 2.10.
nzo( 1)"esch((2n + 1)7/2) = g )"sech(nm) + ;
Proof. Put ¢ =1, k= —1 and a = = 7 in Corollary 2.7 . O

THEOREM 2.11. Let o, B > 0 with a8 = #%. Let r; and ry be real
numbers such that rq and r1+ 1o are not 1ntegers Then, for any integer
k and for any positive even integer c,

pyrilgt f: sinh (((2{r1} — 1)(a — 7i) — 2miry)n/c)

n2k+1 cosh ((a — mi)n/c)

_ [T1+T2] & sinh (((2{r1 + 2} — 1)(8 + mi) — 2mwire)n/c)
(-1 Z n2k+1 cosh ((8 + wi)n/c)
2k+2 .
+(71)[7"1+7"2]22k+1 Z(fl)j Z BZ((] — {21' + TQ})/C)
j = =0
'sz-s-z—z((j + 1o —{r1 +12})/c)

2k 12— 0) (i)t ~E,
Proof. Let h = (1/2,0) and m = 2k in (2.1). Then it follows from
(2.2) that
H(Vr,—2k;r, h)
i) Z ({ri}(1 =1/2) +ra)n/c) — e((1 = {r1})(1 = 1/2) —ra)n/c)
n? (14 e((1—-1/2)n/c))

1 sinh(mi((2{r1} — 1)(1 — 1/2) + 2r9)n/c
(2.14) = (=1)! ]Z n2k+{1 zish(ﬂ?l((l - 1//z))n/0)2) / )7
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H(r,~2ki R H) _
_ (—1)lr+l (({r1 + 12}z —1) +ro)n/c) —e(=({r1 + ra}(z — 1) + r2)n/c)
= Z W2 (14 e((z = 1n/e))

(2.15)= (—1)lr+2] Z sinh( m((z;ﬁ 1+C ;”2}];(;12@ I);,)/j:r) 2ry)n/c)

n=1

Since ¢ is even, cHy + (1 — ¢)Hy = H2 =0 (mod 1). We use that
e—zuli—{R1})/c ( ) 1 B, (] — {Rl}) (—Zu)m

e — 1] —~ 1 m)
(- C)+9)/C}u . e J 1 —c +0
0

m=l

9

and

{j(l—cc)+g}:{j+r2—c{rl+7“2}}.

Then by the residue theorem we have
L(r,—2k; R, H)

LINS miGH R [ - —{B ()
Z(—Z) 1;6 (7+[R1] )/ 2k — 3ZB ( 1 ) =
)+e
ZB ( ) ] —du
c 2k+2
1)[T1+T2]2ﬂ.i2(_1)j Z Bg((] - {Tel' +T2})/C)
j= £=0 '
Bogyo—e((j+r2 = {r1 + _
(2.16) D2k+2 é(((ﬂ% i22 _{2‘)1! T2})/C)(_Z) 1
Employing (2.14), (2.15) and (2.16) in (2.1) with z = mi/«a, we complete
the proof. O

For ¢ odd, if we put h = (1/2,0), m = 2k and z = 7i/a into (2.1),
then we obtain the complex conjugate of the second series identity in
Theorem 2.1.

THEOREM 2.12. Let o, 8 > 0 with a8 = n%. Let r1 and ry be real
numbers such that ry and r; 4+ ry are not integers. Then, for any integer
k and for any positive even integer c,

1 po1/9 = cosh (((2{r1} — 1)(a — i) — 2mirs)n/c
(_1)[71}04 Y Z (((niki}Q cosif((oz—;i)n/c) i
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— (~pltrEl (g2 Y cosh (((2{;12;;1}05}11()((;:;231/C)Qmm)n/C)

n=1

(—1)lritralg2k zc:(_l)j zig Be((j {7"[1' +r2})/c)
j £=0

Boya—e((G+r2—{ri+ra})/0) 0 jeise
2k +3—0)! (=mi)a '
Proof. Let h = (1/2,0) and let m = 2k + 1 in (2.1). In similar to
(2.14), (2.15) and (2.16), we obtain that
(2.17) H(VT,—2k—1;rh)

- cosh(mi((2{r1} — 1)(1 — 1/z) + 2r2)n/c)
1)l Z n2k+1 cosh(mi(1 — 1/z)n/c)2 ’

(2.18) H(r,—2k—1;R,H)
(1)l i cosh(mi((2{r1 +r2} —1)(z — 1) + 2ra)n/c)
B — n2k+1l cosh(mi(z — 1)n/c)
and
243 1
71 T2 (j—{T1+T2})/C)
L(t,—2k; R, H) = + 127722 ; i
.sz+3 Z(( +ra—{ri+ra})/c), i
(2.19) 2k +3—0)! (=2
Applying (2.14), (2.15) and (2.16) to (2.1), we arrive at the desired
results. O

If h=(1/2,0), m =2k+1and z = 7mi/a in (2.1) when c is odd, then we
obtain the complex conjugate of the second series identity in Theorem
2.4. If ry =1/2 and r9 = 0 in Theorem 2.12, then we obtain Corollary
3.10 in [4].

THEOREM 2.13. Let o, B > 0 with a8 = w%. Let r; and ry be real
numbers such that ry and ry + ry are not 1ntegers Then, for any integer
k and for any positive integer c,

& Z cosh (((2{r1} — 1)(a — i) — 2miry)(2n 4+ 1)/(2¢))
(2n + 1)2k+1 sinh ((a — 1) (2n + 1)/(2¢))

—k Z cosh (((2{r1 + r2} — 1)(B + mi) — 2mirz)(2n + 1)/(2¢))
(2n + )2’”1 sinh ((8 +im)(2n + 1)/(2¢))

Ey((j —{r1+m2})/c)
L G —{r+ra}) e (5 —{r1 +r2
42( [(G+r2—{ri+ra} ]Z g

£=0
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.E2k7£((j +ro —{r1 +72})/c) (—mi)t+Hiah—
(2k — O)! '

Proof. Let z = wi/a, h = (0,1/2) and m = 2k in (2.1). We obtain
from (2.2) and (2.3) that

H(Vr,—2k;r, h)
—22’“"'153 emi{r1}(1=1/2)+r2)2n+1)/c | omi((1—{r1})(1-1/2)—=r2)(2n+1)/c
(2n 4+ 1)?k 11 —e((1—1/2)(2n+1)/(2¢)))

(2.20) = 92b+1 Z cosh(mi((2{r1} —1)(1 —1/2) + 2r2)(2n+ 1)/(2¢))
' (2n + 1)2k+1ginh(mi(1/2 — 1)(2n + 1) /(2¢))
and
H(r,—2k;R,H)
22k:+1 20 e ({ri+r2}(z—1)+7r2)(2n+1)/c 4 eﬂ'l((l {ri+r2})(z—1)—r2)(2n+1)/c
HZO (2n +1)%+1(1 —e((z — 1)(2n + 1)/ (2¢)))

o2kt l cosh(mi((2{r1 +r2} —1)(z — 1) 4+ 2r2)(2n + 1)/(2¢))
(221) =2 Z (2n + 1)2k+1 ginh(mi(1 — 2)(2n + 1)/(2¢)) '

Since Hy = Hy = 1/2 (mod 1),

C

L(r,—2k; R, H) = Ze (_; |:j+7’2 —jrl +r2}}>

Jj=1
—2k—1 jteo\u" j—{r}\ (20"
Jorm e () g ()
ro—{ri+rs c E ]_{T —|—T})/C)
:wzz YG+ra—{ra+ })/]ezg ¢ gll 2
Eogr—o((j + 72— {r1 +7r2})/¢) ¢
(2.22) : =0 (—2).
Put z = mi/a and apply (2.20), (2.21) and (2.22) to (2.1). Then we
deduce Theorem 2.13. [
COROLLARY 2.14. For any positive integer c,
csch ((a — mi)(2n + 1) /(2¢))
kz 2n_|_ )2k+1
B & csch (B8 + wi)(2n + 1)/(2¢))
- (_B) nz;) (2n+ 1)2]€+1
1 . Ey((j —1/2)/c)Ea—e((j — 1/2)/c) 041, k—t
;;) 02k — 0)! (=mi)™ am

Proof. Put r; = 1/2 and ry = 0 in Theorem 2.13. O
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Corollary 2.14 should be compared with Corollary 3.3 in [4].
COROLLARY 2.15.

o )"sech ((2n + 1)a/2) > )"sech ((2n +1)5/2)
Z 27’l+ )2k+1 Z 2n+1 2k+1

T~ E : Bojp20(1/2)
+Z; 24(( /) 225112212()!/ ) “{—p)".

Proof. Put ¢ = 1 in Corollary 2.14 and apply FEa,1 (%) =0, n
0.

v

Corollary 2.15 has been stated in Ramanujan’s Notebook [6].
COROLLARY 2.16. For any positive integer M,

2M 12 beCh 2n+ )()[/2

oM —1 )"sech ((2n + 1)8/2)
(2n + 1) 4M+3 =p Z (2n + 1) 4M+3 :

Proof. Put ¢ = 1 in Corollary 2.14 and let £k = —2M + 1 for M >

]

THEOREM 2.17. Let o, 8 > 0 with a3 = w%. Let r; and ry be real

numbers such that ry and ry + ro are not integers. Then, for any integer
k and for any positive integer c,

0.

k172 Z sinh (((2{r1} — 1)(a — i) — 2miray)(2n + 1)/(2¢))
~ (2n + 1)2%+2 ginh ((aw — i) (2n + 1) /(2¢))

Ck—1/2 Z sinh (((2{r1 + 2} — 1)(8 + 7i) — 2wirg)(2n 4+ 1)/(2¢))

24T (2 1P sink (5 + im) (20 + 1)/(20))
T ri4r cZkJrlE — 1+ 72 c
ﬁ;(f b > ERIURAE
Bos1-o((j + 2 — {r1 +12})/c)

RN (77”-)Z+1ak72+1/2'

Proof. Let h = (0,1/2) and m = 2k + 1 in (2.1). By the same matter
n (2.20), (2.21) and (2.22), we have

H(\Vr, -2k — 1 r,h)

" sinh(7i((2{r1} — 1)(1 — 1/2) + 2r2)(2n + 1)/(2¢))
(2.23) = 2%+ Z (2n +1) 2’1+2 sinh(7i(1/z — 1)(;71 +1)/(2c)) 7

H(r,~2k ~1; R, H)

okto sinh(mi((2{r1 +r2} — 1)(z — 1) 4+ 2r2)(2n + 1)/(2¢))
(2:24) =2 Z (2n + 1)2’“+§ sinh(mi(1 — z)(2n2+ 1)/(2¢))
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and
TN Bel(G = {ri+ma})/0)
L(r,—2k —1;R, H) fmz Dltra={rtrah/d §° gll 2
=0 ’
Eoppro((G+r2—{ri+ma})/0),
(2.25) ‘ 2k +1—10)! (=2)"
Take z = mi/a and plug (2.23), (2.24) and (2.25) into (2.1). Then the
desired results follow. O
COROLLARY 2.18.
J—YE: sech((a — wi)(2n + 1)/(4c))
Z (2n + 1)2k+2
_( ay—k—1/2 N~ sech((B 4 i) (2n + 1)/(4c))
= ( ﬁ) ngo (2n+ 1)2k+2
Iy f: El(J = 1/4)/9) Bar—eG = 1/4/0) e e
I 0 2k+1—20) ‘
Proof. Let r; = 1/4 and 1 = 0 in Theorem 2.17 O

Corollary 2.18 should be compared with Corollary 3.10 in [4].
COROLLARY 2.19.

a'/?y " sech((a — mi)(2n + 1)/ (4c))

n=0
= (—p)/? Z sech((8 + mi)(2n + 1)/(4c)).
n=0
Proof. Let k = —1 in Corollary 2.18. O
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