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CHARACTERIZATIONS FOR TOTALLY GEODESIC

SUBMANIFOLDS OF (κ, µ)-PARACONTACT METRIC

MANIFOLDS

Mehmet Atc.eken and Pakize Uygun

Abstract. The aim of the present paper is to study pseudopar-
allel invariant submanifold of a (κ, µ)-paracontact metric manifold.
We consider pseudoparallel, Ricci-generalized pseudoparallel and 2-
Ricci generalized pseudo parallel invariant submanifolds of a (κ, µ)-
paracontact metric manifold and we obtain new results contribute
to geometry.

1. Introduction

Invariant submanifolds are used to discuss properties of non-linear
antronomous systems. Also totally geodesic submanifolds play an im-
portant role in the relativity theory for the geodesic of the ambient
manifolds remain geodesic in the submanifolds.

Pseudoparallel submanifolds have been studied intensively by many
geometers(for the more detail, see references).

The present paper, we are deal with pseoduparallel submanifolds of
(κ, µ)-paracontact metric manifold which have not been attempted so
far. Also, we obtain some necessary and sufficient conditions that an in-
variant submanifold to be pseudoparallel, generalized Ricci-pseudoparallel,
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2-pseudoparallel and 2-Ricci-generalized pseudoparallel under the some
conditions.

Many geometers studied paracontact metric manifolds and researched
some important properties of these manifolds. The geometry of paracon-
tact metric manifolds can be related to the theory of Legendre foliations.
In [8], Authors introduced the class of paracontact metric manifolds for
which the characteristic vector field ξ belongs to the (κ, µ)-nullity con-
dition for some real constants κ and µ. Such manifolds are known as
(κ, µ)-paracontact metric manifolds.

A (2n+ 1)-dimensional smooth manifold M̃2n+1 has an almost para-
contact structure (ϕ, ξ, η) if it admits a tensor field ϕ of type (1, 1), a
vector field ξ and a 1-form η satisfying the following conditions;

ϕ2 = I − η ⊗ ξ, η(ξ) = 1, ϕξ = 0.(1)

A semi-Riemannian metric g is said to be an associated metric if tensor
field ϕ is related

dη(X, Y ) = g(X,ϕY ), η(X) = g(X, ξ), .(2)

In this case, the structure (ϕ, ξ, η, g) on M̃2n+1 is called a paracontact
metric structure. A manifold has such structure is also called paracon-
tact metric manifold [9].

In a paracontact metric manifold, the following relations hold:

(3) g(ϕX,ϕY ) = η(X)η(Y )− g(X, Y ), g(ϕX, Y ) + g(X,ϕY ) = 0,

for all vector fields X, Y on M̃2n+1.

Now, let M̃2n+1(ϕ, ξ, η, g) be a paracontact metric manifold and we
define a (1, 1)-type tensor field h by 2h = `ξϕ, where ` denotes the
Lie-derivative and it defined by

2hX = (`ξϕ)X = `ξϕX − ϕ`ξX = [ξ, ϕX]− ϕ[ξ,X],(4)

for any vector field X on M̃2n+1. Then h is symmetric and satisfies

hξ = 0, T rh = Tr(ϕh) = 0, hϕ = −ϕh.(5)

By ∇̃, we denote the Riemannian connection on M̃2n+1, then we have
the following relation

∇̃Xξ = −ϕX + ϕhX,(6)

for any vector field X on M̃2n+1 [10].
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An important class among paracontact metric manifolds is that of the
(κ, µ)-space forms which satisfy the nullity condition

(7) R̃(X, Y )ξ = κ{η(Y )X − η(X)Y }+ µ{η(Y )hX − η(X)hY },

for all vector fields X, Y on M̃2n+1, where R̃ is the Riemannian curvature

tensor of M̃2n+1, κ and µ are arbitrary constants [6].
The geometry behaviour of the (κ, µ)-paracontact metric manifold is

different according as κ < −1, κ = −1 and κ > −1. In particular, for
the case, κ < −1 and κ > −1, (κ, µ)-nullity condition (7) determines
the whole curvature tensor field completely [8].

Fortunately, for both the case κ < −1 and κ > −1 same formula
holds. For this reason, in this paper we consider the (κ, µ)-paracontact
metric manifolds with the condition κ 6= −1 [7].

We can easily see that κ = −1 and µ = 0 in a normal paracontact
metric manifold.

For a (κ, µ)-paracontact metric manifold M̃2n+1(ϕ, ξ, η, g), the follow-
ing identities hold;

(∇̃Xϕ)Y = −g(X − hX, Y )ξ + η(Y )(X − hX),(8)

S(X, Y ) = [2(1− n) + nµ]g(X, Y ) + [2(n− 1) + µ]g(hX, Y )(9)

+ [2(n− 1) + n(2κ− µ)]η(X)η(Y )

S(X, ξ) = 2nκη(X)(10)

Qϕ− ϕQ = 2[2(n− 1) + µ]hϕ,(11)

h2 = (1 + κ)ϕ2,(12)

for any vector fields X, Y on M̃2n+1, where S and Q denote the Ricci
tensor and Ricci operator of M2n+1, respectively.

Now, let M be an immersed submanifold of a paracontact metric

manifold M̃2n+1. By Γ(TM) and Γ(T⊥M), we denote the tangent and

normal subspaces of M in M̃ . Then the Gauss and Weingarten formulae
are, respectively, given by

∇̃XY = ∇XY + σ(X, Y ),(13)

and

∇̃XV = −AVX +∇⊥XV,(14)

for all X, Y ∈ Γ(TM) and V ∈ Γ(T⊥M), where ∇ and ∇⊥ are the
connections on M and Γ(T⊥M) and σ and A are called the second
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fundamental form and shape operator of M , respectively. They are
related by

g(AVX, Y ) = g(σ(X, Y ), V ).(15)

The covariant derivative of σ is defined by

(∇̃Xσ)(Y, Z) = ∇⊥Xσ(Y, Z)− σ(∇XY, Z)− σ(Y,∇XZ),(16)

for all X, Y, Z ∈ Γ(TM). If ∇̃σ = 0, then submanifold is said to be its
second fundamental form is parallel.

By R, we denote the Riemannian curvature tensor of M , we have the
following Gauss equation

R̃(X, Y )Z = R(X, Y )Z + Aσ(X,Z)Y − Aσ(Y,Z)X + (∇̃Xσ)(Y, Z)

− (∇̃Y σ)(X,Z),(17)

for all X, Y, Z ∈ Γ(TM̃).

For a (0, k)-type tensor field T , k ≥ 1 and a (0, 2)-type tensor field A
on a Riemannian manifold (M, g), Q(A, T )-tensor field is defined by

Q(A, T )(X1, X2, ..., Xk;X, Y ) = −T ((X ∧A Y )X1, X2, ..., Xk)...

− T (X1, X2, ...Xk−1, (X ∧A Y )Xk), ,(18)

for all X1, X2, ..., Xk, X, Y ∈ Γ(TM), where

(X ∧A Y )Z = A(Y, Z)X − A(X,Z)Y.(19)

Definition 1.1. A submanifold of a Riemannian manifold (M, g) is
said to be pseudoparallel, 2-pseudoparallel, Ricci-generalized pseudopar-
allel and 2-Ricci-generalized pseudoparallel if

R̃ · σ and Q(g, σ)

R̃ · ∇̃σ and Q(g, ∇̃σ)

R̃ · σ and Q(S, σ)

R̃ · ∇̃σ and Q(S, ∇̃σ)

are linearly dependent, respectively [1].
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Equivalently, these can be expressed by the following equations;

R̃ · σ = L1Q(g, σ),(20)

R̃ · ∇̃σ = L2Q(g, ∇̃σ),(21)

R̃ · σ = L3Q(S, σ),(22)

R̃ · ∇̃σ = L4Q(S, ∇̃σ),(23)

where L1, L2, L3 and L4 are, respectively, functions defined on

M1 = {x ∈ M : σ(x) 6= g(x)}, M2 = {x ∈ M : ∇̃σ(x) 6= g(x)},
M3 = {x ∈M : S(x) 6= σ(x)} and M4 = {x ∈M : S(x) 6= ∇̃σ(x)}.

Particularly, if L1 = 0(resp. L2 = 0), the submanifold is said to be
semiparallel(resp. 2-semiparallel) [11].

2. Invariant Submanifolds of (κ, µ)-Paracontact Metric Man-
ifold

Now, we will investigate the above cases for the invariant submanifold

M of a (κ, µ)-paracontact metric manifold M̃2n+1(ϕ, ξ, η, g).
Now, let M be an immersed submanifold of a (κ, µ)-paracontact met-

ric manifold M̃2n+1(ϕ, ξ, g, η). If ϕ(TxM) ⊆ TxM , for each point at
x ∈M , then M is said to be invariant submanifold. We note that all of
the properties of an invariant submanifold inherit the ambient manifold.

In the rest of this paper, we will assume that M is invariant subman-

ifold of a (κ, µ)-paracontact metric manifold M̃2n+1(ϕ, ξ, η, g). In this
case, from (5), we have

ϕhX = −hϕX,(24)

for all X ∈ Γ(TM), that is, M is also invariant with respect to the tensor
field h. In this connection, from (6), (8) and (13), we obtain

σ(X, ξ) = 0, σ(ϕX, Y ) = σ(X,ϕY ) = ϕσ(X, Y ),(25)

for all X, Y ∈ Γ(TM).

Theorem 2.1. LetM be an invariant submanifold of a (κ, µ)-paracontact

metric manifold M̃2n+1(ϕ, ξ, η, g). If M is a pseudoparallel submanifold,
then L1 = κ∓ µ

√
1 + κ. Furthermore, L1 6= κ∓ µ

√
1 + κ if and only if

M is totally geodesic.
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Proof. Let M be pseudoparallel, then from (20) we have

(R̃(X, Y ) · σ)(U, V ) = L1Q(g, σ)(X, Y ;U, V ),

for all X, Y, U, V ∈ Γ(TM). This implies that

R⊥(X, Y )σ(U, V ) − σ(R(X, Y )U, V )− σ(U,R(X, Y )V )

= −L1{σ((X ∧g Y )U, V ) + σ(U, (X ∧g Y )V )},(26)

for all X, Y, U, V ∈ Γ(TM), where (X ∧g Y )Z = g(Y, Z)X − g(X,Z)Y .
Taking V = ξ in (26) and making use of (25), we obtain

σ(R(X, Y )ξ, U) = −L1{σ(U, η(Y )X − η(X)Y )}
= L1{η(Y )σ(U,X)− η(X)σ(U, Y )}

and from (7), we have

κ{η(Y )σ(X,U)− η(X)σ(Y, U)}+ µ{η(Y )σ(hX,U)

− η(X)σ(hY, U)} = L1{η(Y )σ(X,U)− η(X)σ(Y, U)},

that is,

(L1 − κ){η(Y )σ(X,U)− η(X)σ(U, Y )} = µ{η(Y )σ(hX,U)− η(X)σ(hY, U)},

which from for Y = ξ,

(L1 − κ)σ(X,U) = µσ(hX,U).(27)

Substituting X by hX in (27) and making use of (6), (12) and (25), we
obtain

(L1 − κ)σ(hX,U) = µσ(h2X,U)

= µ(1 + κ)σ(ϕ2X,U)

= µ(1 + κ)σ(X,U).(28)

From (27) and (28), we conclude that

µ2(1 + κ)σ(X,U) = (L1 − κ)2σ(X,U).

This completes the proof.

From Theorem 2.1, we have following corollary.

Corollary 2.2. Let M be an invariant submanifold of a (κ, µ)-

paracontact metric manifold M̃2n+1(ϕ, ξ, η, g). Then M is semiparallel
if and only if M is totally geodesic.
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Theorem 2.3. letM be an invariant submanifold of a (κ, µ)-paracontact

metric manifold M̃2n+1(ϕ, ξ, η, g). If M is 2-pseudoparallel subman-
ifold, then the function L2 satisfies L2 = κ ∓ µ

√
1 + κ. Moreover,

L2 6= κ∓ µ
√

1 + κ if and only if M is totally geodesic.

Proof. Let M be 2-pseudoparallel. Then from (21), we have

(R̃(X, Y ) · ∇̃σ)(U, V,W ) = L2Q(g, ∇̃σ)(U, V,W ;X, Y ),

for all X, Y, U, V,W ∈ Γ(TM). This means that

R̃⊥(X, Y )(∇̃Uσ)(V,W )− (∇̃R(X,Y )Uσ)(V,W )

− (∇̃Uσ)(R(X, Y )V,W )− (∇̃Uσ)(V,R(X, Y )W )

= −L2{(∇̃(X∧gY )Uσ)(V,W ) + (∇̃Uσ)((X ∧g Y )V,W )

+ (∇̃Uσ)(V, (X ∧g Y )W )},
that is,

R⊥(X, Y )(∇̃Uσ)(V,W )− (∇̃R(X,Y )Uσ)(V,W )

− (∇̃Uσ)(R(X, Y )V,W )− (∇̃Uσ)(V,R(X, Y )W )

= −L2{g(Y, U)(∇̃Xσ)(V,W )− g(X,U)(∇̃Y σ)(V,W )

+ (∇̃Uσ)(g(Y, V )X − g(X, V )Y,W ) + (∇̃Uσ)(V, g(Y,W )X − g(X,W )Y )}.
In the last equation, taking X = W = ξ, we obtain

R⊥(ξ, Y )(∇̃Uσ)(V, ξ) − (∇̃R(ξ,Y )Uσ)(V, ξ)− (∇̃Uσ)(R(ξ, Y )V, ξ)

− (∇̃Uσ)(V,R(ξ, Y )ξ) = −L2{g(Y, U)(∇̃ξσ)(V, ξ)

− η(U)(∇̃Y σ)(V, ξ) + (∇̃Uσ)(g(Y, V )ξ − η(V )Y, ξ)

+ (∇̃Uσ)(V, η(Y )ξ − Y )}.(29)

Now, let’s calculate each of these expressions. From (6), (16) and (25),
we obtain

(∇̃Uσ)(V, ξ) = ∇⊥Uσ(V, ξ)− σ(∇UV, ξ)− σ(V,∇Uξ)

= −σ(V,∇Uξ) = −σ(V,−ϕU + ϕhU)

= σ(V, ϕU)− σ(V, ϕhU).(30)

From (17), we can easily to see that

R̃(ξ, U)Y = κ{g(Y, U)ξ − η(Y )U}
+ µ{g(Y, hU)ξ − η(Y )hU}.
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Moreover, taking into account of (6) and (25), we have

(∇̃R(ξ,Y )U)σ(V, ξ) = ∇⊥R(ξ,Y )Uσ(V, ξ)− σ(∇R(ξ,Y )UV, ξ)

− σ(V,∇R(ξ,Y )Uξ)

= −σ(−ϕR(ξ, Y )U + ϕhR(ξ, Y )U, V )

= σ(κ(−η(U)ϕY )− µη(U)ϕhY, V )

− σ(−κη(U)ϕhY − µη(U)ϕh2Y, V )

that is,

(∇̃R(ξ,Y )U)σ(V, ξ) = η(U){µ(1 + κ)− κ)σ(ϕY, V )

+ (κ− µ)σ(ϕhY, V )}.(31)

(∇̃Uσ)(R(ξ, Y )V, ξ) = ∇⊥Uσ(R(ξ, Y )V, ξ)− σ(∇UR(ξ, Y )V, ξ)

− σ(R(ξ, Y )V,∇Uξ) = −σ(R(ξ, Y )V,−ϕU + ϕhU)

= σ(R(ξ, Y )V, ϕU)− σ(R(ξ, Y )V, ϕhU)

= κσ(g(Y, V )ξ − η(V )Y, ϕU)

+ µσ(g(hV, Y )ξ − η(V )hY, ϕU)

− κσ(g(Y, V )ξ − η(V )Y, ϕhU)

+ µσ(g(hV, Y )ξ − η(V )hY, ϕhU)

= −κη(V )σ(Y, ϕU)− µη(V )σ(hY, ϕU)

+ κη(V )σ(Y, ϕhU) + µη(V )σ(hY, ϕhU)

= κη(V )[σ(Y, ϕhU)− σ(Y, ϕU)]

+ µη(V )[σ(hY, ϕhU)− σ(hY, ϕU)],(32)
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(∇̃Uσ)(V,R(ξ, Y )ξ) = (∇̃Uσ)(V, k[η(Y )ξ − Y ]− µhY )

= κ(∇̃Uσ)(V, η(Y )ξ)− κ(∇̃Uσ)(V, Y )

− µ(∇̃Uσ)(V, hY )

= κ{∇⊥Uσ(V, η(Y )ξ)− σ(∇UV, η(V )ξ)

− σ(V,∇Uη(V )ξ)}
− κ(∇̃Uσ)(V, Y )− µ(∇̃Uσ)(V, hY )

= −κσ(V, Uη(Y )ξ + η(Y )∇Uξ)− κ(∇̃Uσ)(V, Y )

− µ(∇̃Uσ)(V, hY )

= −κη(Y )σ(V,−ϕU + ϕhU)− κ(∇̃Uσ)(V, Y )

− µ(∇̃Uσ)(V, hY )

= κη(Y ){σ(V, ϕU)− σ(V, ϕhU)} − κ(∇̃Uσ)(V, Y )

− µ(∇̃Uσ)(V, hY ),(33)

(∇̃Y σ)(V, ξ) = ∇⊥Y σ(V, ξ)− σ(∇Y V, ξ)− σ(∇Y ξ, V )

= −σ(V,−ϕY + ϕhY ) = σ(ϕY, V )− σ(ϕhY, V ).(34)

(∇̃Uσ)(g(Y, V )ξ − η(V )Y, ξ) = −(∇̃Uσ)(η(V )Y, ξ)

= −∇⊥Uσ(η(V )Y, ξ) + σ(∇Uη(V )Y, ξ)

+ σ(η(V )Y,∇Uξ)

= η(V ){σ(Y, ϕhU)− σ(Y, ϕU)}.(35)

(∇̃Uσ)(V, η(Y )ξ − Y ) = (∇̃Uσ)(V, η(Y )ξ)− (∇̃Uσ)(V, Y )

= ∇⊥Uσ(V, η(Y )ξ)− σ(∇UV, η(Y )ξ)

− σ(V,∇Uη(Y )ξ)− (∇̃Uσ)(V, Y )

= −σ(V, Uη(Y )ξ + η(Y )∇Uξ)− (∇̃Uσ)(V, Y )

= η(Y ){σ(V, ϕU)− σ(V, ϕhU)} − (∇̃Uσ)(V, Y ).(36)
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Consequently, from (30), (31), (32), (33), (34), (35) and (36), we reach
at

σ(ϕU, V ) − σ(ϕhU, V )− η(U)(µ(1 + κ)− κ)σ(ϕY, V )

− (κ− µ)η(U)σ(ϕhY , V )− κη(V ){σ(ϕhU, Y )− σ(ϕU, Y )}
− µη(V ){σ(ϕhU, hY )− σ(ϕU, hY )} − κη(Y ){σ(ϕU, V )

− σ(ϕhU, V )}+ κ(∇̃Uσ)(Y, V ) + µ(∇̃Uσ)(V, hY )

= −L2{−η(U)[σ(ϕY, V )− σ(ϕhY, V )] + η(V )σ(Y, ϕhU)

− η(V )σ(Y, ϕU) + η(Y )σ(V, ϕU)− η(Y )σ(V, ϕhU)

− (∇̃Uσ)(V, Y )}.(37)

Replacing V = ξ at (37) and considering (25), we get

−κσ(Y, ϕhU) + κσ(Y, ϕU)− µσ(hY, ϕhU) + µσ(hY, ϕU)

+ κ(∇̃Uσ)(ξ, Y ) + µ(∇̃Uσ)(ξ, hY )

= −L2{σ(Y, ϕhU)− σ(Y, ϕU)− (∇̃Uσ)(ξ, Y )},(38)

where

(∇̃Uσ)(ξ, Y ) = ∇⊥Uσ(Y, ξ)− σ(∇UY, ξ)− σ(Y,∇Uξ)

= −σ(−ϕU + ϕhU, Y ) = σ(ϕU, Y )− σ(ϕhU, Y ).(39)

From (38) and (39), we conclude that

− κσ(Y, ϕhU) + κσ(Y, ϕU)− µσ(hY, ϕhU) + µσ(hY, ϕU)

+ κσ(Y, ϕU)− κσ(ϕhU, Y ) + µσ(ϕU, hY )− µσ(ϕhU, hY )

= −L2{σ(Y, ϕhU)− σ(Y, ϕU) + σ(ϕhU, Y )− σ(ϕU, Y )},
that is,

L2{σ(Y, ϕU)− σ(Y, ϕhU)} = κ{σ(Y, ϕU)− σ(Y, ϕhU)}
+ µ{σ(hY, ϕU)− σ(hY, ϕhU)},

from which

(L2 − κ){σ(Y, ϕU) − σ(Y, ϕhU)}
= µ{σ(hY, ϕU)− σ(hY, ϕhU)}.(40)

Here substituting hY by Y in (40), we get

(L2 − κ)(σ(hY, ϕU) − σ(hY, ϕhU))

= µ(1 + κ)(σ(Y, ϕU)− σ(Y, ϕhU)).(41)
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From (40) and (41), we conclude that(
(L2 − k)2 − µ2(1 + κ)

)
(σ(Y, ϕU)− σ(Y, ϕhU)) = 0,

which is proves our assertions. We note that σ(Y, ϕU)− σ(Y, ϕhU) = 0
if and only if κσ(Y, U) = 0.

From Theorem 2.3, we have the following corollary.

Corollary 2.4. Let M be an invariant submanifold of a (κ, µ)-

paracontact metric manifold M̃2n+1(ϕ, ξ, η, g). Then M is 2-semiparallel
if and only if M is totally geodesic.

Theorem 2.5. LetM be an invariant submanifold of a (κ, µ)-paracontact

metric manifold M̃2n+1(ϕ, ξ, η, g). If M is a Ricci-generalized pseudopar-
allel submanifold, then L3 = 1

2n
(1 ∓ µ

κ

√
1 + κ). On the other hand,

L3 6= 1
2n

(1∓ µ
κ

√
1 + κ) if and only if M is totally geodesic submanifold.

Proof. If M is Ricci-generalized pseudoparallel, then from (18) and
(22), we have

(R̃(X, Y ) · σ)(U, V ) = L3Q(S, σ)(U, V ;X, Y )

= −L3 {σ((X ∧S Y )U, V ) + σ(U, (X ∧S Y )V )} ,

for all X, Y, U, V ∈ Γ(TM). This implies that

R⊥(X, Y )σ(U, V ) − σ(R(X, Y )U, V )− σ(U,R(X, Y )V )

= −L3{σ(S(Y, U)X − S(X,U)Y, V )

+ σ(S(V, Y )X − S(X, V )Y, U)}.

Here taking U = ξ and by using (10), we reach at

R⊥(X, Y )σ(ξ, V ) − σ(R(X, Y )ξ, V )− σ(ξ, R(X, Y )V )

= −L3{S(Y, ξ)σ(X, V )− S(X, ξ)σ(Y, V )

+ S(Y, V )σ(X, ξ)− S(X, V )σ(Y, ξ)}.

From (7), (10) and (25), we obtain

σ(R(X, Y )ξ, V ) = 2nκL3{η(Y )σ(X, V )− η(X)σ(Y, V )}.(42)

Thus

σ(κ[η(Y )X − η(X)Y ] + µ[η(Y )hX − η(X)hY ], V )

= 2nκL3{η(Y )σ(X, V )− η(X)σ(Y, V )}.
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Consequently,

κ(2nL3 − 1)(σ(η(Y )X − η(X)Y, V ) = µσ(η(Y )hX − η(X)hY, V ).

This equality reduce for Y = ξ,

κ(2nL3 − 1)σ(X, V ) = µσ(hX, V ).(43)

Substituting hX by X in (43) and making use of (12) we obtain

κ(2nL3 − 1)σ(hX, V ) = µσ(h2X, V )

= µ(1 + κ)σ(ϕ2X, V )

= µ(1 + κ)σ(X, V ).(44)

From (43) and (44), we conclude that

{κ2(2nL3 − 1)2 − µ2(1 + κ)}σ(X, V ) = 0.

This proves our assertion.

Theorem 2.6. LetM be an invariant submanifold of a (κ, µ)-paracontact

metric manifold M̃2n+1(ϕ, ξ, η, g). If M is a 2-Ricci-generalized pseu-
doparallel submanifold, then L4 = 2µ

2nκ−1
√

1 + κ. As the other case,

L4 6= 2µ
2nκ−1

√
1 + κ if and only if M is totally geodesic submanifold.

Proof. Let us assume that M is 2-Ricci-generalized pseudoparallel
submanifold. Then from (23), we have

(R̃(X, Y ) · ∇̃σ)(U, V,W ) = L4Q(S, ∇̃σ)(U, V,W ;X, Y ),

for all X, Y, U, V,W ∈ Γ(TM). This implies that

R⊥(X, Y )(∇̃Uσ)(V,W ) − (∇̃R(X,Y )Uσ)(V,W )− (∇̃Uσ)(R(X, Y )V,W )

− (∇̃Uσ)(V,R(X, Y )W ) = L4{(∇̃(X∧SY )Uσ)(V,W )

+ (∇̃Uσ)((X ∧S Y )V,W )

+ (∇̃Uσ)(V, (X ∧S Y )W )}.

Here taking X = V = ξ, we have

R⊥(ξ, Y )(∇̃Uσ)(ξ,W ) − (∇̃R(ξ,Y )Uσ)(ξ,W )− (∇̃Uσ)(R(ξ, Y )ξ,W )

− (∇̃Uσ)(ξ, R(ξ, Y )W ) = −L4{(∇̃(ξ∧SY )Uσ)(ξ,W )

+ (∇̃Uσ)((ξ ∧S Y )ξ,W ) + (∇̃Uσ)(ξ, (ξ ∧S Y )W )}.(45)
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Now, let’s calculate each of these expressions. Also taking into account
of (6) and (25),

R⊥(ξ, Y )(∇̃Uσ)(ξ,W ) = R⊥(ξ, Y ){∇⊥Uσ(ξ,W )− σ(∇Uξ,W )

− σ(ξ,∇UW )}
= −R⊥(ξ, Y )σ(−ϕU + ϕhU,W )

= R⊥(ξ, Y ){σ(ϕU,W )− σ(ϕhU,W )}.(46)

On the other hand, by using (7),

(∇̃R(ξ,Y )Uσ)(ξ,W ) = ∇⊥R(ξ,Y )Uσ(ξ,W )− σ(∇R(ξ,Y )Uξ,W )

− σ(ξ,∇R(ξ,Y )UW )

= −σ(−ϕR(ξ, Y )U + ϕhR(ξ, Y )U,W )

= σ(κ[−η(U)ϕY ] + µ[−η(U)ϕhY ],W )

− σ(κ[−η(U)ϕhY ] + µ[−η(U)ϕh2Y ],W )

= −κη(U)σ(ϕY,W )− µη(U)σ(ϕhY,W )

+ κη(U)σ(ϕhY,W ) + µη(U)σ(ϕh2Y,W )

= η(U){−κσ(ϕY,W )− µσ(ϕhY,W )

+ κσ(ϕhY,W ) + µ(1 + κ)σ(ϕ3Y,W )}
= η(U){(µ(1 + κ)− κ)σ(ϕY,W )

+ (κ− µ)σ(ϕhY,W )}.(47)

(∇̃Uσ)(R(ξ, Y )ξ,W ) = (∇̃Uσ)(κ(η(Y )ξ − Y )− µhY,W )

= κ(∇̃Uσ)(η(Y )ξ − Y,W )− µ(∇̃Uσ)(hY,W )

= κ{(∇̃Uσ)(η(Y )ξ,W )− (∇̃Uσ)(Y,W )}
− µ(∇̃Uσ)(hY,W )

= κ{∇⊥Uσ(η(Y )ξ,W )− σ(∇Uη(Y )ξ,W )

− σ(η(Y )ξ,∇UW )− (∇̃Uσ)(Y,W )}
− µ(∇̃Uσ)(hY,W )}
= −κ{σ(Uη(Y )ξ,W ) + σ(η(Y )∇Uξ,W )

− (∇̃Uσ)(Y,W )} − µ(∇̃Uσ)(hY,W )

= κη(Y ){σ(ϕU,W )− σ(ϕhU,W )}
+ κ(∇̃Uσ)(Y,W )− µ(∇̃Uσ)(hY,W ).(48)
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and

(∇̃Uσ)(ξ, R(ξ, Y )W ) = ∇⊥Uσ(ξ, R(ξ, Y )W )− σ(∇Uξ, R(ξ, Y )W )

− σ(ξ,∇UR(ξ, Y )W )

= −σ(−ϕU + ϕhU,R(ξ, Y )W )

= −σ(−ϕU + ϕhU, κ(g(Y,W )ξ

− η(W )Y ) + µ(g(hW, Y )ξ − η(W )hY ))

= η(W ){−κσ(ϕU, Y )− µσ(ϕU, hY )

+ κσ(ϕhU, Y ) + µσ(ϕhU, hY )}.(49)

Now, let’s calculate the left side of equality. Making use of (6), (10) and
(25),

(∇̃(ξ∧SY )Uσ)(ξ,W ) = ∇⊥(ξ∧SY )Uσ(ξ,W )− σ(∇(ξ∧SY )Uξ,W )

− σ(ξ,∇(ξ∧SY )U)

= −σ(∇S(Y,U)ξ−S(ξ,U)Y ξ,W )

= −σ(−ϕ(S(Y, U)ξ − S(ξ, U)Y ) + ϕh(S(Y, U)ξ

− S(ξ, U)Y ),W )

= S(U, ξ){σ(ϕhY,W )− σ(ϕY,W )}
= 2nκη(U){σ(ϕhY,W )− σ(ϕY,W )}.(50)

(∇̃Uσ)((ξ ∧S Y )ξ,W ) = (∇̃Uσ)(S(Y, ξ)ξ − Y,W )

= (∇̃Uσ)(S(Y, ξ)ξ,W )− (∇̃Uσ)(Y,W )

= ∇⊥Uσ(S(Y, ξ)ξ,W )− σ(∇US(Y, ξ)ξ,W )

− σ(∇UW,S(Y, ξ)ξ)− (∇̃Uσ)(Y,W )

= −σ(US(Y, ξ)ξ + S(Y, ξ)∇Uξ,W )

− (∇̃Uσ)(Y,W )

= −S(Y, ξ)σ(−ϕU + ϕhU,W )− (∇̃Uσ)(Y,W )

= 2nκη(Y ){σ(ϕU,W )− σ(ϕhU,W )}
− (∇̃Uσ)(Y,W ).(51)
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Finally,

(∇̃Uσ)(ξ, (ξ ∧S Y )W ) = (∇̃Uσ)(ξ, S(Y,W )ξ − S(ξ,W )Y )

= (∇̃Uσ)(ξ, S(Y,W )ξ)− (∇̃Uσ)(ξ, 2nκη(W )Y )

= ∇⊥Uσ(ξ, S(Y,W )ξ)− σ(∇Uξ, S(Y,W )ξ)

− σ(ξ,∇US(Y,W )ξ)− 2nκ(∇̃Uσ)(ξ, η(W )Y )

= −2nκ{∇⊥Uσ(ξ, η(W )Y )− σ(∇Uξ, η(W )Y )

− σ(ξ, Uη(W )Y )}
= 2nκσ(−ϕU + ϕhU, η(W )Y )

= 2nκη(W ){σ(ϕhU, Y )− σ(ϕU, Y )}.(52)

By substituting (46), (47), (48), (49), (50), (51) and (52) into (45) we
reach at

R⊥(ξ, Y ){σ(ϕU,W ) − σ(ϕhU,W )} − η(U){(µ(1 + κ)− κ)σ(ϕY,W )

+ (κ− µ)σ(ϕhY,W )} − κ(∇̃Uσ)(Y,W )

+ µ(∇̃Uσ)(hY,W )− κη(Y ){σ(ϕU,W )− σ(ϕhU,W )}
− η(W ){κσ(ϕhU, Y ) + µσ(ϕhU, hY )− κσ(ϕU, Y )

− µσ(ϕU, hY )}
= −L4{2nκη(U)(σ(ϕhY,W )− σ(ϕY,W ))

+ 2nκη(Y )(σ(ϕU,W )− σ(ϕhU,W )

+ 2nκη(W )(σ(ϕhU, Y )− σ(ϕU, Y ))

− (∇̃Uσ)(Y,W ))}.(53)

Here taking W = ξ, (53) reduce

L4{(∇̃Uσ)(Y, ξ) + 2nκ{σ(ϕhU, Y )− σ(ϕU, Y )}} = −κ(∇̃Uσ)(Y, ξ)

+ µ(∇̃Uσ)(hY, ξ)

− {κσ(ϕhU, Y ) + µσ(ϕhU, hY )− κσ(ϕU, Y )− µσ(ϕU, hY )},

that is,

L4{∇⊥Uσ(Y, ξ) − σ(∇UY, ξ)− σ(∇Uξ, Y )− σ(ϕhU, Y )

+ σ(ϕU, Y )} = κ{∇⊥Uσ(Y, ξ)− σ(∇UY, ξ)− σ(Y,∇Uξ)}
+ µ{∇⊥Uσ(hY, ξ)− σ(∇UhY, ξ)− σ(∇Uξ, hY )}
− κσ(ϕhU, Y )− µσ(ϕhU, hY ) + κσ(ϕU, Y ) + µσ(ϕU, hY ).
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On the other hand, by a direct calculation, we have

(∇̃Uσ)(Y, ξ) = σ(ϕU, Y )− σ(ϕhU, Y ).

Thus we conclude that

L4{(2nκ− 1)(σ(Y, ϕhU) − σ(Y, ϕU))} = 2µ{σ(ϕU, hY )

− σ(ϕhU, hY )}.(54)

Substituting hY by Y into (54), we can derive

L4(2nκ− 1){σ(hY, ϕhU) − σ(hY, ϕU)} = 2µ{σ(ϕU, h2Y )− σ(ϕhU, h2Y )}
= 2µ(1 + κ){σ(ϕU,ϕ2Y )− σ(ϕhU,ϕ2Y )}
= 2µ(1 + κ){σ(ϕU, Y )− σ(ϕhU, Y )}.(55)

From (54) and (55), we find

L2
4(2nκ− 1)2 = 4µ2(1 + κ){σ(ϕU, Y )− σ(ϕhU, Y )},

which proves our assertion.
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